Abstract. In this paper, we study the maximum d-dimensional rectilinear crossing number problem of d-uniform hypergraphs. In [4], Anshu et al. conjectured that among all d-dimensional rectilinear drawings of a complete d-uniform hypergraph having n vertices, the number of crossing pairs of hyperedges is maximized if all of its vertices are placed on the d-dimensional moment curve, and proved it for d = 3; with it being trivially true for d = 2, since any convex drawing of the complete graph Kn produces n 4 pairs of crossing edges. In this paper, we prove that their conjecture is valid for d = 4 by using Gale transform. We also prove that the maximum d-dimensional rectilinear crossing number of a complete
Introduction
The rectilinear drawing of a graph in R 2 represents its vertices as points in general position, and its edges as straight line segments between the corresponding vertices. In a rectilinear drawing of a graph, two crossing edges are vertex disjoint and contain a common point in their relative interiors. The rectilinear crossing number of a graph G, denoted by cr(G), is the minimum number of crossing pairs of edges in any rectilinear drawing. Convex drawing of a graph G is a rectilinear drawing of it where vertices are in a convex position in R 2 . There are other variants of graph crossing number which [13] discuss in detail. Most of the crossing number problems deal with the minimization of crossing in a specific drawing of the graph.
Ringel in [12] introduced the maximum rectilinear crossing number problem for a graph G being the maximum number of crossing pairs of edges among all rectilinear drawings of G. Verbitsky [14] gave an approximation algorithm which in expectation provides a 1/3 approximation guarantee on the maximum rectilinear crossing number problem. The same paper showed that the maximum rectilinear crossing number of a planar graph having n vertices is less than 3n
2 . Bald et al. in [5] de-randomized Verbitsky's algorithm and showed that it is NP-hard to find the maximum crossing number of an arbitrary graph.
A hypergraph is a natural generalization of a graph defined as an ordered pair (V, E) where V is the set of vertices and E ⊆ 2 V \ {∅} is the set of hyperedges. A hypergraph is said to be d-uniform if each hyperedge contains exactly d vertices. Let K [7] . The d-dimensional rectilinear crossing number of H, denoted by cr d (H), is the minimum number of crossing pairs of hyperedges among all ddimensional rectilinear drawings of H. Dey and Pach [7] proved that H can have at most O(n d−1 ) hyperedges if cr d (H) = 0 and [4] proved that In this paper, we define the maximum d-dimensional rectilinear crossing number of a d-uniform hypergraph H, denoted by max − cr d (H), as the maximum number of crossing pairs of hyperedges among all d-dimensional rectilinear draw-
be two points on γ. We say that the point p i precedes the point p j (p i ≺ p j ) if t i < t j . A d-dimensional convex polytope is the convex hull of its vertices in R d , and its dimension is d (i.e., the affine hull of its vertices is entire R d ). We denote the convex hull of a point set P by Conv(P ). Anshu et al. [4] proved that placing all the vertices of a K Our Contribution: In Section 2, we prove the following results.
In Section 3, we prove the following results. Then we propose a randomized approximation algorithm, which in expectation gives a constantc d approximation guarantee on the maximum d-dimensional rectilinear crossing number problem. In particular, we prove the following. 
Techniques used
We use Gale transform [8] and Gale diagrams to prove Theorem 1. Let A = a 1 , a 2 , . . . , a n be a sequence of n points in R d such that their affine hull is 
This lemma implies that the Gale transforms D(A) of A is a totally cyclic vector configuration, and there is a positive dependence among the vectors of D(A). This also implies that there does not exist a hyperplane, passing through the origin, such that all the vectors of D(A) lie on one side of the hyperplane [15] . Note that any totally cyclic vector configuration of n vectors in R n−d−1 , such that they span R n−d−1 , can serve as a Gale transform of some point set having n points in R d after proper scaling. 
In this paper, we consider that the points, in A, are in general position. We obtain an affine Gale diagram of A by considering a hyperplaneh that is not parallel to any vector in D(A) and not passing through the origin. Due to the general position of the points, Lemma 2 implies that g i = 0. For each 1 ≤ i ≤ n, we extend the vector g i ∈ D(A) either in the direction of g i or in its opposite direction until it cutsh at the point g i . We color g i as red if the projection is in the direction of g i , and blue otherwise. The sequence of n points Balanced 2m-partition: Let T be a set of n red and n blue points in R 2 such that all the 2n points are in general position. A balanced 2m partition of T is a subset X ⊆ T of size 2m that can be separated from the rest of the (2n − 2m) points by a line and X is balanced, i.e., it has an equal number of red and blue points. Since a balanced 2m partition corresponds to a balanced 2(n − m) partition, we only consider balanced 2m partitions where m ≤ n/2 . We define a balanced 0 partition to be a partition of T into an empty set and T . Note that there is only one balanced 0 partition of a set. Order-type: Consider two sequences of points S = s 1 , s 2 , . . . , s n and S = s 1 , s 2 , . . . , s n in R 2 , such that the points in both the sequences are in general position. S and S are said to have same order-type if for any indices i < j < k the orientation of s i , s j , s k is same as the orientation of s i , s j , s k .
Suppose that two sequences of points S = s 1 , s 2 , . . . , s 2n and S = s 1 , s 2 , . . . , s 2n in R 2 have same order-type. Consider a coloring C where n points of S are colored red, and rest of the n points are colored blue. The indices of red-colored points are also the same in S and S , implying that the indices of blue-colored points are also same. For each tuple (i 1 , i 2 , . . . , i 2m ), where 1 ≤ i 1 < i 2 < . . . < i 2m ≤ 2n, {s i1 , s i2 , . . . , s i2m } is a balanced 2m partition of S if and only if {s i1 , s i2 , . . . , s i2m } is a balanced 2m partition of S [15] . There are infinitely many point configurations having n points in general position in R 2 . There are only finitely many order-types for such point configurations. We can think of order-types as equivalence classes. The point configurations that have the same order type share many combinatorial and geometric properties. Aichholzer et al.
[1] and [2] created a database which contains all order-types of 8 points in general position in R 2 . We use those point sets in the proof of Theorem 1. In the following, we state three lemmas used in the proof of Theorem 2. 
Maximum Rectilinear Crossing Number of Special Hypergraphs
In this section, we prove Theorems 1 and 2. . We find the maximum value of (total number of balanced 2 partitions + the total number of balanced 4 partitions) over all members of O C by analyzing each of its members. We wrote the program for this purpose in Python 3.7.1 and have provided in the Appendix. We find the maximum to be 12 when all the 8 points are the vertices of a convex octagon, and the vertices are colored red and blue, alternatively. Observation 2 implies that the maximum number of proper linear separations of D(V ) is 12 + 1 = 13. Lemma 3 implies that the maximum number of crossing pairs of hyperedges in any 4-dimensional rectilinear drawing of K In order to prove Theorem 2, we prove the following lemma. 
Without loss of generality, let us assume that for any unordered pair {A, B}, A contains the first vertex, i.e., p c1 . Given an unordered pair {A, B}, the vertices of A create d partitions of the d-dimensional moment curve. We call each partition a bucket. Note that the points on the d-dimensional moment curve which precede p c1 are not part of any bucket. Let b i denote the i th bucket. Note that the last bucket has only one endpoint created by the last vertex(according to the order mentioned above) of A and contains all the points over the d-dimensional moment curve which succeed the last vertex of A. Let us consider the properties of these d buckets.
-The first bucket contains either one vertex or 2 vertices of B, but it can never be empty. 
On the Maximum Rectilinear Crossing Number of General Hypergraphs
In this section, we turn our focus on finding the Maximum d-dimensional rectilinear crossing number of an arbitrary d-uniform hypergraph H. Given H and an integer l, we show that it is NP-hard to find if there exists a d-dimensional rectilinear drawing D of H having at least l crossing pairs of hyperedges. We reduce MAX-EK-set splitting problem, which is known to be NP-Hard [11] to our problem. Given a K-uniform hypergraph H = (V , E ) and a constant integer c, the decision version of MAX-EK-set splitting asks whether there exists a partition of V into two parts such that at least c hyperedges of E contain at least one vertex from both the parts. Proof. Consider an instance of MAX-Ed-set splitting problem to our problem. We are given a d-uniform hypergraph H = (V, E) and a constant integer c . We create a d-uniform hypergraphH = (Ṽ ,Ẽ), wherẽ
We prove thatH has a d-dimensional rectilinear drawing D having at least tc crossing pairs of hyperedges if and only if there exists a partition of V into two parts such that at least c hyperedges of E contains at least one vertex from both the parts. Let us assume that there exists a partition of V into two parts V 1 and V 2 such that (at least) c hyperedges of E contain at least one vertex from both the parts. Let us denote these hyperedges as cut-hyperedges. We produce a drawing D ofH having at least tc crossing pairs of hyperedges. Let h be a (d−1)-dimensional hyperplane. We place the points corresponding to the vertices in V 1 and the points corresponding to the vertices in V 2 in general position in R d such that they lie on the different open half-spaces created by h. The hyperedges in E are drawn as the (d − 1)-simplices spanned by the d points corresponding to its vertices. Note that each of the cut-hyperedges has a non-trivial intersection with h. We then create the t hyperedges e 1 , e 2 , . . . , e t . Note that these t hyperedges can not form crossing with each other since each of them contains a common vertex v 0 . We put the d vertices {v 0 , v 1 , v 2 , . . . , v d−1 } of e 1 on h such that they are in general position with the rest of the points in R d and the convex hull of these d points crosses each of the cut-hyperedges. Note that it is always possible to create such a placement of points since there are only a finite number of cuthyperedges. Note that the position of the vertex v 0 is fixed after the placement of the vertices of e 1 . We then add the other d − 1 vertices of e 2 very close to the d − 1 vertices of e 1 such that they, along with the other vertices, maintain the general position and the (d − 1) simplex corresponding to the hyperedge e 2 crosses each of the cut-hyperedges. In this way, we keep on adding the vertices of each e i in a very close neighborhood of each other such that they do not violate the general position and each (d − 1)-simplex corresponding to each e i crosses the same number of cut-hyperedges. Note that in this d-dimensional rectilinear drawing D ofH (as depicted in Figure 3 ) each of the cut-hyperedges forms a crossing with each e i for 1 ≤ i ≤ t. This implies there exist at least tc crossing pairs of hyperedges in D.
On the other hand, let us assume thatH has a d-dimensional rectilinear drawing D having at least tc crossing pairs of hyperedges. Suppose each e i crosses at most (c −1) hyperedges of E. Then, the maximum number of crossing 
. The expected number of crossing # Now we take each of the 3315 files generated and check the feasible sets of points for balanced colors , and then save them in an file with the color results appended to the same .
# B represents balanced colors , M represents monochromatic color and I represents imbalanced colors .
# The output generated is the following format -
